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A theory of mixed valence, presented previously, is used to calculate the electronic specific
heat. Two calculations are carried out: one in the Hartree-Fock approximation and another in
the high-hybridization limit by means of a Hubbard-like decoupling scheme. It is found that the
admixture of localized, ionic states into the band of itinerant electrons results in a reduction of
the bandwidth, and a consequent enhancement of the specific heat by a factor of up to 2. In ad-
dition, for systems different from the almost empty or the almost full band, electron-electron
correlation effects result in an extra narrowing of the band with a further enhancement of the
specific heat by an additional factor of up to approximately 3.
I. INTRODUCTION where
VMm(BJMCJ~+ Ci~ JM)t
JM (r
(1.3)
In two recent contributions, "hereafter referred to
as I and II, we presented a theory of mixed-valence
systems as applied to a case of a single band of
itinerant electrons and an ion core which consisted of
a singlet in the (4f)"configuration, and a doublet in
the (4f)"+' configuration. The general formulation
and calculational procedure were described in I, and
the calculations of the magnetic susceptibility and
magnetic instabilities were presented in II. In this pa-
per we discuss the electronic specific heat in the
paramagnetic phase and in the absence of an applied
magnetic field. In this case the original Harniltonian
consists of three terms:
(i) A band term for the itinerant states
X, = —X ~r~c, 'c,
&i~) ~
where c; and c; are, respectively, the creation and
destruction operators for Wannier states at site i and
spin cr, and t is a band-hopping parameter between
nearest-neighbor sites (ji&.
(ii) An ionic contribution which measures the en-
ergy of the ~G & ground-state configuration (4,f)" as
zero and the states M(M = ~+& or
~
—) ) of the excit-
ed configuration as E
+i x E~JMBjM
JM
the modified Fermi operators, BJIvt and BJ~, defined
elsewhere, guarantee no simultaneous occupation of
li+& and li
(iii) A hybridization term
(1.4)V l=V &=V V &=V t=O
One point is worth noticing. The hybridization
contribution (1.3) is intra-atomic, i.e., between local-
ized f orbitals and itinerant s or d orbitals in the
same center. For systems with an inversion sym-
metry (and most intermediate valence solids are so)
same-center hybridization between states of different
parity does not occur. Hybridization takes place
between orbitals in different centers, but a Hamil-
tonian which includes interatomic hybridization can-
not be treated easily by our methods.
Intrasite hybridization takes place in systems
without a center of symmetry (e.g. , chemically col-
lapsed systems), or as a consequence of the intrasite
Coulomb interaction (mean-field theory with broken
symmetry ). It is our intention not to invoke any of
these specific mechanisms but rather to take Eq.
(1.3) as a model interaction which includes hybridiza-
tion in a simple way. More detailed studies of the ef-
fects of interatomic hybridization' seem to justify our
model.
Our method consists of (i) complete diagonaliza-
tion of the intra-atomic terms (1.2) and (1.3); (ii)
projecting out of the upper eight ionic states, retain-
ing only the lowest four for each ion; (iii) conversion
of these four states into equivalent spin-
—, fermion
states (0), (t), ~f), and (t/) and definition of their
corresponding fermion creation (y, ) and destruction
(y; ) operators; (iv) expression of all the terms, the
band terms (1.1) in particular, in terms of these new
operators; and (v) treatment of the resulting Hamil-
tonian, which includes one-particle (y y), two-
particle (y yy y), and three-particle (y yy yy y)
terms by a decoupling scheme analogous to the
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Hartree-Fock approximation.
The resulting Hartree-Fock Hamiltonian is
HttF= $ Uyj yj —X Wy; yj +K
JO' &~J &~
(1.S)
bound SM [equal to (+6) for simple cubic (sc), (+8)
for bcc, (+4) for fcc, and (+z) for the rectangular
case]. The function p(S) is the integrated density of
states such that
where the c numbers U, 8', and Kdepend self-
consistently on expectation values of the form
(y; y; ) and (y; yj ), as well as on the coefficients(e, o,„P, and S) which appear in the diagonalization
of the ionic states
p(S ) =0, p(s~) = I (2.4)
and such that p(S) gives the fraction of states per
spin available at energies lower than S. At the di-
mensionless Fermi energy S = SF we have
~
-=$ (y,'.y,.& -2p(SF), (2.S)
The energies of these states are
Eo =0
Et = El = —,[E —(Ez +4 V') ' ']
EtJ —,
' [E —(E'+8 v')'~'j
(1.6)
(1.7)
where v is the number of conduction electrons per
site.
%'hen ~ & 0 and our procedure of I and II is fol-
lowed, including the Hartree-Fock approximation
{1.5), we obtain once again a single-particle, tight-
binding Hamiltonian with nearest-neighbor interac-
tions only in which there is a constant energy term
K, the center of the band is displaced from zero to U,
and the effective hopping integral is now W instead
of I jl. The first two changes affect the total energy
of the system and the value of the Fermi level, but
do not contribute to the specific heat. This is now
In Sec. II we describe the calculation of the elec-
tronic specific heat in the Hartree-Fock approxima-
tion and discuss the various contributions and effects.
In Sec. III we calculate the specific heat in the limit
of extreme hybridization, which is equivalent to the
atomic limit of Hubbard's model. %e also present
our conclusions.
II. HARTREE-FOCK APPROXIMATION
C„=(2rr'/3)kaTNW '(dp/dS)s s (2.6)
W = Ir I [~ +2Bp+ D(p' —3r') ]s-s,
where'
(2.7)
i.e., the specific heat is enhanced from the V =0 situ-
ation by a factor QuF —I j I/W. From II we obtain, in
the absence of a magnetic field
HHF —g I jlyj~ yja
&rJ&~
(2.1)
In the absence of hybridization, V =0, our projec-
tion procedure yields B
—= e(x —e)
D —= (x-&)',
x=——(~~, +ps),
(2.8)
C„=(2e' /3) ka TSp(aF) (2.2)
i.e., a Hamiltonian of noninteracting fermions identi-
cal to Eq. (1.1). This gives, for the specific heat, the
well-known result
the coefficients a, n„P, and S are defined in Eq.
(1.6), and the function v(S), which for S =Sq is
equal to (y, y; ) for ij nearest neighbors, is defined
by
where ka is Boltzmann's constant and 5)a(aF) is the
density of electron states per spin at the Fermi level.
For a Hamiltonian of the form of Eq. (2.1), it is pos-
sible to write
z dr/dS = —S dp/dS
.(S.) =0,
from which it can be proved that
(2.9)
QO( F) =a@ lj I '(dp/ds)s s, (2.3) v(sM) o {2.1o)
where S, as introduced in II, is a dimensionless ener-
gy parameter with a well-defined lower bound S
[equal to (—6) for simple-cubic, (—8) for body-
centered, (—12) for face-centered-cubic, and (—z) for
a hypothetical rectangular density of states in a struc-
ture with z neighbors] as well as a well-defined upper
The enhancement factor Qttr is shown in Fig. I for
the almost empty band (v =0) and for the almost
full band (v=2) as a function of ( V/E) For these.
extreme cases v(SF) -0 and the enhancement factors
do not depend on the particular crystal or band struc-
ture. The enhancement increases monotonically with
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FIG. 1. The enhancement factor for the specific heat in
the Hartree-Fock approximation 0HF = ~r/ tV~ as a function
of the hybridization parameter ( V/E) for the almost empty
band v=0, and the almost full band v=2. The curves for
intermediate values of v depend on the specific band struc-
ture and decrease monotonically as v increases.
which is identical to Hubbard's intra-atomic interac-
tion energy, participates only in the U term of Eq.
(1.5) and therefore only in the mean band energy of
the Hartree-Fock approximation.
A calculation of the specific heat beyond the
Hartree-Fock approach is a difficult if not a
dangerous task. Being a differential property, it
depends very sensitively on, details of the approxima-
tions, and it is likely to yield plainly nonsensical
results. In the next section we present a calculation a
la Hubbard, valid in the limit of very high correla-
tions (the so called Hubbard atomic limit). This cal-
culation is only correct in a regime where in all likeli-
hood the paramagnetic state (as discussed in II) is no
longer stable. It is, however, an instructive calcula-
tion to show the pitfalls of the various methods and
the order of magnitude of the additional enhance-
ment in the specific heat to be expected from correla-
tion effects.
Io = Et) —E) —E) (2, 11)
increasing ( V/E) and with decreasing v. The max-
imum factor is 2, and corresponds to v =0, V
The interpretation of these results is simple: It is
mostly a single-particle effect caused by the fact that
a relatively wide band, of width proportional to
~
t
~,
gets hybridized via the ~ matrix element with a state
of zero hopping probability (zero bandwidth). As a
consequence the bandwidth decreases, the density of
states increases and so does the specific heat. The
maximum increase, by a factor of 2, takes place when
the band and the excited ionic state are mixed in
equal amounts.
The dependence on the number of electrons v is,
on the other hand, a many-body effect caused by the
fact that the doubly occupied band state ~[[) hybri-
dizes with both the ~+[) and the
~
—[) states, but no
"doubly occupied" excited ionic state ~+—) exists.
Therefore as sites become more and more doubly oc-
cupied, the proportion of hopping channels increases
due to the absence of the completely "blocked" ~+—)
state: The doubly occupied ions have more available
channels for hopping electrons than the singly occu-
pied ones. Consequently, as v increases, Wde-
creases and so does the specific heat. As v 2 the
maximum enhancement factor is
0HF(v =2, V ~) =1.3725 for very large hybridiza-
tion.
It should be emphasized that in this Hartree-Fock
approximation there are no major contributions from
many-body effects: The correlation, which manifests
itself as a tendency of the electrons to avoid one
another, is not included here; it should sizably de-
crease the bandwidth, make more states available at
lower energies and thus increase C„. It is worth re-
marking that the quantity defined in II as
II. GREEN'S-FUNCTION DECOUPLING SCHEME
where, in addition to the definitions (1.7), (2.8), and
(2.11), we define
V i 0 7i rr'Vi rr (3.2)
and cr indicates the spin opposite to a. This Hamil-
tonian is very similar to Hubbard's strong-correlation
Hamiltonian. 6 For the limit le » t [which corre-
sponds to V » E and 0.586 V » t] Hubbard has
proposed several decoupling schemes to determine
the many-body properties of the system. He calls
this the atomic limit, and it is the regime in our ex-
ample ~here all instabilities appear: ferromagnetic
and antiferromagnetic, as discussed in II, or metal-
insulator transitions, as discussed by Hubbard.
Hubbard's simplest scheme consists of writing
equations of motion for the Green's functions of the
form
(3.3)
and
G2(ij rr) ((y; v, —;yt ))„
and decouple all other functions as if they were
evolving with an atomiclike Hamiltonian with no
If the projection technique described in I is carried
out but all two- and three-particle operators are kept,
the resulting Hamiltonian is
llproj = X ( Et vt 1 + Et I t t ) + Ia X vt t vt t
J J
—
~t~ X y;~yt [A +B(v, -+vt-)+Dv, vt-1-
&i~)~
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band-hopping terms. For example
((vioytsyj~yi )) -rH(I —pH) I pHGt(& Irr) '—rHG2(jro)+ p~'[(I —2pH)G2(ilcr) +rHG2(jla)]) (3.5)
where i and j are nearest neighbors, and
pH = (v-;.v;.) r,
rH = (v .vj.) r
(3.6)
(3.7)
The averages (3.6) and (3.7) should be calculated
self-consistently at temperature T with the new equa-
tions of motion, The new chemical potential S = S„
is determined by the equation
2pH(S„) = v . (3.8)
This procedure yields a one-electron spectrum con-
sisting of two separate, nonoverlapping bands, of
variable spectral weight, and such that they coalesce
into a single band only in the limit ID=0. For any
nonvanishing Io a gap in the spectrum exists, the
model gives always an insulator for v =1, and in the
limit ~r~ 0 the spectrum reduces to
Gt(jj o) - gs + " — . (3.9)4m ' ~+8, ~+8, +I,
As discussed by Hubbard, ' this decoupling scheme
overestimates the correlation energy and gives a
two-band spectrum for all ~r ~, which better approxi-
mations prove to be qualitatively correct only for ~r
~
smaller than a given critical value. It is, however, a
good scheme in the limit of very narrow bands, the
so-called atomic limit.
The calculation of the specific heat in this limit is
straightforward, and it is considerably simplified by
the fact that most quantities must be only calculated
to terms linear in ~r ~. The final result can be ex-
pressed in the following form:
C„=(21r'/3)kaTN(it( '(dp/dS)$ $ g, (3.10)
(3) The effect of the correlations on g can be qual-
itatively divided into two different contributions: a
change in the overall shape of the excitation density
of states, and an overall narrowing of the excitation
bands.
(4) The narrowing of the bands, clearly visible in
the rectangular model of Fig. 2(a), is caused by the
partial localization of the electrons which tend to
avoid one another. This results in a further enhance-
ment of the Hartree-Fock results with Q increasing
up to a value of about 3.
(5) The overall change in the shape of the elec-
tronic excitation density of states results in sharp and
locally important features in the g vs v curves. In
particular the van Hove singularities of the unper-
turbed density of states (d p/dS) and in the correlated
excitation spectrum do not coincide, and their pres-
ence in either curve manifests itself in the sharp
features of the Q factor. This is most apparent for all
our curves at v = I, where the metal-insulator transi-
tion results in an energy gap, a zero density of excita-
tions, and Q 0. Many other features are evident in
Fig. 2.
(6) It is the existence and position of these singu-
larities which are the less reliable part of our calcula-
tion. They are, in most cases, a result of the decou-
pling model or the method of calculation and do not
represent a true feature of the system as represented
by the original Hamiltonian.
(7) The overall enhancement by a factor of about 3
for the middle of the band and in the limit of very
large hybridization is, however, a bona fide and reli-
4
where g is the enhancement factor from the corre-
sponding state of the unhybridized case, V -0.
In Fig. 2 we show the Q enhancement factor for
three examples: (a) a rectangular band of constant
density of states, (b) a single-s-band simple-cubic
model, and (c) a single-s-band face-centered-cubic
case. The enhancement is sho~n in the Hartree-
Fock approximation and in the V ~ ( ~r ~/lo 0)
limit of the Hubbard decoupling scheme as a function
of the number of electrons v. The following points
emerge from the calculation. '
(I) As expected for the almost empty band, v-0,
or the almost full band, v =2, correlation effects are
neglible and we recover the Hartree-Fock result.
(2) For the half-full band, v = I, the Hubbard
scheme yields a Mott insulator, and therefore
C„-Q -0.
0
0 20 20
FIG. 2. The enhancement factor for the specific heat 0 as
a function of the number of conduction electrons per site v
for (a) the rectangular band, (b) the simple-cubic band, and
(c) the face-centered-cubic band. The results for the
Hartree-Fock and the Hubbard decoupling scheme in the
atomic limit are shown,
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able result of this calculation. In a very rough way it
is possible to state that a considerable hybridization
produces an enhancement of up to QH„—1.37—2 be-
cause of the admixture of the localized ionic states
and, in the middle of the band, correlation effects
result in an additional factor of 2 to 3.
It should be emphasized once again that we have
assumed throughout that the stable state is a mixed-
valence paramagnetic state, and that very large values
of the hybridization parameter V, which tend to
enhance the specific heat, also tend to produce all
kinds of instabilities, some of which were discussed
in II.
As a final remark it is possible that in the region of
paramagnetic stability but close enough to a magnetic
instability, collective but very damped spin modes
(paramagnons) could also contribute to the specific
heat at low temperatures. It is expected, however,
that such a contribution will have a different tem-
perature dependence to the linear metallic contribu-
tion discussed here.
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